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I n  this psper we s h a l l  consider tile ?ropaCption of elcctrompgnetic flcld.-: 

i n  the i n t e r i o r  of a rec tzngular  o r  cy i i r .d r ica1  wireguide which is f i l l e d  w i t L  

a roving medium. The medium i s  assuxed t o  be hcmzeneous ,  isotroDic an2  i o s shss ,  

w i t h  cons t i t u t ive  parameters CL and G ,  and t o  n>ovE: a t  uniform velocit-1 

along the a x i s  of the wzveguirle. The za-iegaide i s  assumed t o  have p e r f e c t l y  

conducting w a l l s  and t o  be i n f in i t apg  long. 

by Co l l i e r  and Tai, under the assuxption t h a t  i h c  veloci iy  of the rcedium is 

A s imi l a r  problem has been 6or.e 
( I )  

4 

rruch smaller thsn # a t  of l i g h t .  

the ve loc i ty  of the medium can have any value u? t o  the velociky of l i g h t .  

i n  Qiis paper, ~2 s h a l l  t r e a t  t h e  case where 

%e p u q o s e  of t h e  paper i s  t o  show %ox t h e  f a n i l ? z r  llcutoflr'l phenon:enor. f o r  a 

waveguide i s  m d f i e d  when the neciim I m i d e  i s  movixg. This e f f e c t  i s  n o t  

apparent when the ve loc i ty  of t h e  medium i s  as,suz:ed t o  be small. 

( 3 )  

, v . % = O  - c4) 

- 
5 Q * D  z - 

L 

which, as we know from the spec ia l  theory OP r e i a t iv iky ,  a r e  va l id  f o r  m y  

medium, novine or stat ionary.  I n  2 ~ s .  (l> and (2), E and a r e  t h e  elactr5.c 

and magnetic f i e l d  i n k n s i t i e s ,  0 and 8 ;re th ;c  c l e c t r i c  and nagr.etic flw: 

- - 
- 

d e n s i t i e s ,  and a11 q u a n t i t i e s  a re  nwsurcd  i n  a ccordinate  system which is 



-3- 

~~~ ~ 

I 

The effect of  tha motici? o f  t h o  ,xdj.uia it3 to a l t e r  the  

c o n s t i t u t i v e  relations from 

s t a t i o n a r y  medium. 

moving medium were first d a r i v s d  c o r r a t l y  by MinkouskiJ2)* and hiss r e s u l t 8  

those t h a t  would apply  f o r  a 

The n iod i f i sd  constitutiva r e l a t i o n s  f o r  a unii'ornly 

' 

have been put  i n t o  a compact form by T0ii3' The r e s u l t  i s  - - -  - -  B =  G 2 . F  + . n x  b-I 

where 

and ,Uj6 P t h e  porneGbil i ty  and p e r m i t t i v i t y  of t h e  

medium (as ~18a8Ured i n  a frana a t t a c h e d  t o  the nediurn). 

of Eqs.(5) and (6) i n t o  (1 )?{2)?(3) ,  and (4) y i e l d s  t h e  lliaxlvell- 

Minkowski equat ions  for t h e  moving i s t r o p i c  nedium. 

Substitutf .on 

They are 
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with and considered as scurces. For hamozical ly  oscill$.tin,o fialds 

with a t h e  dependence e P - Lt 
these ecluations mag he ContieTted t o  

These equations a re  quite sinl i lar  to tnosa f o r  a s ta t ionary  medium exes?:; for 

the subs t i t u t ion  of the operator 

- -  
f o r  t he  nabla o p e r r t o r v  and the apFearance of the term fi* J, 

Two types of po ten t i a l  func t ions  w i i l  he introciuced t o  descr ibe *.e 

Assu;iiir,g there are no sources, electromagnetic f i e l d s  i n  the waveguide. SI 

i 

we may m i %  
, 

where the su2erscr ip t  e denotes 

Subs t i tu t ing  E q .  (22) i n  Eq. (17) gives 

f i e l d  C O ~ ~ ; ~ O R ~ I : - L S  of the e l e c t r i c  type. 
F 

- 
such t h h i  

A ,  Ir' we define another vector function 
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and impose t h e  gauge relation 

between A ,  and k , it is n o t  d i f f i c u l f  t o  G ~ C I L U  i n  terms of Cartesian 

coordinates t h a t  A, has t o  satisfy tho ~ c j u z t i o n  

uhero 

1 k = l/,k c- 
Equation ( 2  7), when written out, reads 5 

(3 G] 

The f i e l d  vectors are then Given in terms of A,  as 

A similar procedur-e can be fclloued to find the equations - 
satisf ied by t h e  potent ia l  fu i lc t iono  F and 

f i e l d s  E 
aS80Ciated with - -b8 

and C1 k\ of magnatic type. Tha r c a u l t  is given  iis 



- - 
where and F, are rolatsd  by 

I 

The gauge o o n d i t i o n  impoead on 4 and If i o  

/ 
L c 

T', has t o  e a t i s r y  the saaa oquat ion eo A, '-1 

The f i e l d  o o l u t i a n  i n  thn uravcquida can bo dividod i n t o  

tu0  basic rnodee, TE and Till.. For TLI modes, 3-18 f i e l d  components 

can be der ived  .from an e loc t r i c  vsctor p o t e n t i a l  function A = 2 A T 4 - 

For TE modes, t h e  f i e l d  coriqonenta may be derived f r o m  8 magnetic vec tcz  
- - L 

~ p o t e n t i a l  ?II=$p For t h i s  particulaz c a m  iirhere /& and F have 

on ly  one component i n  t h e  z -d iroc t ion ,  wa hnva 

The Rectanquiar Illavoquida 

ihe appropriata solutions f o r  A and F which s a t i s f y  t h e  

boundary c b n d i t i o n e  f o r  the  u jvagu ide  c o n f i g u r a t i o n  s h o w  in 

Figure  I are 



i 

i 

Substituting (40) or ( 4 [ J  into (31) l a  f i n d  

where 

- 
UY - 

c 1-I, - 

isr ) 

( 5 3 )  



h i s  given by the same expresslon shown in ( 4 2 )  while k C is given as 
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'&e 11s ire [y i d e  ?a a ne +dr 3 

The fonrula and the conclusions ~:i-cea i n  this sect ion ap7l.y t o  both 

rectangular and c y l i n d r i c a l  wave3aidas ( o r  t o  a vnveguide with a n y  other 

value given i n  (43 )  f o r  recl;an&ar F I C Y C ~ I I ~ ~ C B  

waveguides. 

and 

The propagation constact  h i s  given In 

veloc i ty  of t ~ ~ e  aoving mecliurr, i s  s m a l l  s o  t h a t  Y I ~  < 
I 

s z 
h2s I, 1.i' 

Bod, hence the c u t  off frequency i s  

I 

when r" is 1033 than f 

b u t  unl ike an ordinary,wavegui.de below c i l b f f ,  there  is a 

i n  the  negative z-direction, f o r  kotfi s o h t i o n s .  b' - - 
g r o e t e r  than fc there is no a t t m x a t l o r , ,  but t h  %TO waves 50"th have phase 

v e l o c i t i e s  i n  t h e  -z-direction ( b u t  t2;e:r kavc.: cij :;'c:-erit phase veloc i t ies ) ,  

? inal ly  if f is large enough c o  :hr;t 

the fielcis a r s  attemateci s:rongiy aiorig t hz  &d; ~ 5 . 3 ,  
C 

p h s e  ve loc i ty  

Xrier. r' is s i i Z ' C L  L r i u l y  
I 

P -a 
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h, - 
1 

-1 / W - p =  
277 Jp0 eo / I - pZ  

t h e n  waves c a n  p r o p a g a t e  i n  ef thcz  c i r e c t i o c  uithout n t t s n u a t i o n ,  

b u t  a g a i n  w i t h  d i f f o s m t  phase v s l o c i t i e s ,  If v d ,  than 

A PO, and we have 
I 

i 
I 
1 
i 

I 

which is t h e  utsua1 c u t o f f  f r aquoncy  is t h a  r;- lationazy cam. 

Ulhen n p  I 1 will bo n q a t i v o  while - U ~ L  is p o s i t i v i t .  

. I n  t h i s  case there u i l l  ba no cu t s i ' f  pheno;;l&rton at all. A t  l o u  

f r e q u e n c i e s ,  t h e  term c o n t r i b u t e d  by t h e  scjuazo r o o t  i n  Eq,(42) 

predominates ,  so t h e  phase v d o c i t i a s  of  t h e  two waves a m  i n  

oppoeita d i r e c t i o n s .  A t  highor  f r e q u c n c i e s  -d. i o  always g r e a t o r  

t h a n  t h e  aquare r o o t ,  so both ulaves havs pi-tam v e l o c i t i e s  i n  tha 

+z d i r e c t i o n .  The t r a n e i t i o n  between t h e m  Z'Y'O casos occurs a t  

(7 93 - f =-f = c 

1 - 4 2  
Ue n o t e  t h a t  t h e  r e l a t i o n  

r a d i a t i o n  i n  t h e  medium. 

\ is tna ccr,cL-Lion f o r  Cezonkov 
I 

A summary of thest; ; -asultr  is prassnted 

I 
The re  are an infinite numbor o f  i imd~s  which can exis t  

f 

i n  t h e  waveguide b u t  fo r  a g iven  f zoc ;uemy ix i iy  G fizft:: nsmber nf 

them c a n  p r o p a g a t e  f r e e l y ,  hssming  t h o  veloci- ly  of t h e  nedium 

i n  t h e  waveguide f s  emall, sc that k13< 1 
v e l o c i t y  of t h e  medium is lai-ga encilrh 8 0  thot 

modes c a n  p r o p a g a t e  f r e e l y  n t  any f rcqunncy,  

s e v e r a l  p a r a m e t e r s  can be expz3occjd i n  t o r m  of t h e  c u t o f f  f r e q u e n c y :  

i-lOclQVcir, i f  the 
i 

.P, I ' than 
For t h e  case hp < , 

I 



i 

uhere & ~ , = 2 7 i / ~  For {) (L, tho  Fjuida phase v a l o c i t y  and guic!e 

wavelength are r e s p e c t i v e l y  

c h a r a c t e r i s t i c  wave impedance f o r  thu iuave travelling i n  t h o  

'+z d i r e c t i o n  is  

..- - 
$ 5  the  i n t r i n s i c  inpedancs OP the  nodiun. S i n i l a x l y ,  L-,, , t: 

I 
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cha rac t e r i s t i c  w n e  irpedance (for the +z uave) is also g i v e n  by 

equation8 (82) and (83), which for t h i s  case yield 

-43 b 

where con is defined as equal t o  1 when 

For 'E nodes it f3 

,Q .rO and equal to 2 uhan . g 2 0. 
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h c y l i n d r i c a l  waveguides the c o r r e s p x d i n g  expre3sions a r e  - 
t? 4) 

(Y 5) 

for TK sodes a& 

CI - 
= +  

for Tz  modes. 

flow f o r  t h e  two waves  in t he  q i d e  -?re i n  each case of the a m e  magnitude and 

i n  opposite di rec t ions .  

Although the  phase velocities .re a s  skow4 in 7 i g  3, the power 

;fiAen ti?e re loc i ty  'v approaches zero o r  when the c o n s t i t u t i v e  parameters 

of t h e  medium equal  those of free space 0 will aF?-'rozct: ze ro  m d  a w i l l  

approach one; 

For tLe rredium a t  rest. 

+he- 
all t h e m s u l t s  obtained reduce to t he  f a m i l i a r  ones 

A 
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C o n c l u s i c 7 z  

. .  
f rom t h e  kxuell-Klinkowski equations for tha  e l e c t r o n a g n o z i c  

f i e l d  i n  a moving medium, i t  has beon 6nolj.n hou; the e l e c t r o r n a g n o t i c  f i o l i s  

may be c o n s t r u c t e d  from a p a i r  of  v e c f c r  p o t e n t i o l  f u n c t i o n s  A and F, 
- - 

which are d e r i v e d  u s i n g  a t e c h n i q u e  s imi1ar .h  t h a t  conmonly used f o r  

s t a t i o n a r y  media. The s o l u t i o n s  f o r  A and F a p p z o p r i a t o  t a  5 r e c t a n g u l a r  
- - 

and a c y l i n d r i c a l  ruaveguide have been Given, a G  w s l l  ae t h e  f o r m u l a s  

f o r  t h e  f i e l d s .  

v e l o c i t y  of t h e  medium i n s i d e  t h z  uravscuitie, 

T h e w  r e s u l t s  shou t h e  dapondenca o f  t h e  f i e l d a  on t h e  

The p r o p a g a t i o n  constant f o z  t h o  ticlds i n  t h e  uiavoguida 

has  been examined t o  de t e rmine  nocl t h e  motion GP t h e  matiiun a f f a c t s  Ihs  

c u t o f f  behavior .  I t  was Pouird t h a t  the mall-known c u t o f f  frsquaney 

f o r  8 waveguide is modif ied uhen t h e  K;E-diurn i n s i d a  is moving, For c? f i  c 1 
t 

c o r r e s p o n d i n g  t o  a s l o w l y  moving rmdiun, t h E i a  aze tuo c r i t i c a l  froquenciea 

fc and  {+ . For f ;  LC I t h e  fieids aro z t t e n u a f e d ,  as i n  a coi- ,vsntiocsl  

waveguide, b u t  a l e o  have a phaso vsloci l ;y ,  u n l i k e  a c o n v a n t i o n a l  

waveguide. For  {'< f ( {+ , t h e  f i o l d e  are u n s t t o n u a t e d  but a l l  fields 

have  a phase v e l o c i t y  i n  t h e ' - z  dir6ctioG. Foz [ 7 L  I waves may 

t ravel  u n a t t e n u a t e d  i n  e i t h e r  d i r s c t i o n  i n  t h e  savogu ide ,  b u t  w i t h  a 

.. -- 
1 airrerent pbaiie velocity ir! 3ar.h d i r e c t i o n ,  For fib7 1 , 

1 

c o r r e s p o n d i n g  t o  t h e  case of Cerenkov r a d i a t i o n ,  t h e m  1s on0 c r i t i c a l  
m 

.r, 

f r e q u e n c y '  f- . For [<f- , ulavos nay t r ave l  u i t h  R phase  v o i o c i t y  

i n  e i t h e r  d i r e c t i o n .  f o r  f >  f- , sll s o l u t i o n s  have 0 phase v e l o c i t : ,  

i n  t h e  +z d i r e c t i o n .  Also f o r  np)  1 , t h e r e  is no c u t o f f  phenomenon 

i n  the u s u a l  6en8e. Utavea may ?rapagate u n a t t 6 n u a t e d  a t  any f raquency. ,  . 

f i n a l l y ,  some formulae f o r  t h e  waveguide c h a z a c t e r i s t i c  ii?,podafies 
a 

and f o r  t h e  power flow in a uavoguide f i l l e d  uith/rnoving midiurn have bt3en g i v o n ,  
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phase p r o p q a t i s a  in phasa pzspngazion  i n  
-z cirectiori m i y  both d l i ; c t i o i i s  p o s s i b l e  

t *-----,I--- v 8 c * f  
1 0- fc  4 

attenuated wave8 with Y 

i n  -z direc t inn  a t t a n u a t i c n  
. phase velooity propzeaticn GLthout 

phase propagation i n  
both  direc t ions  poss ib le  

phaso propagat ion  iii 
+z clirecbiori o n l y  

f 
t 

A \ , - -  
I 
t -+ f 
c 

O \  f 
Y 

propaga t ion  izithcut a t t m u a t i o n  


